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SUMMARY
With the Marchenko method, Green’s functions in the subsurface can be retrieved from seismic re-
flection data at the surface. State-of-the-art Marchenko methods work well for propagating waves
but break down for evanescent waves. This paper discusses a first step towards extending the
Marchenko method for evanescent waves and analyses its possibilities and limitations. In theory
both the downward and upward decaying components can be retrieved. The retrieval of the upward
decaying component appears to be very sensitive to model errors, but the downward decaying com-
ponent, including multiple reflections, can be retrieved in a reasonably stable and accurate way.
The reported research opens the way to develop new Marchenko methods that can handle refracted
waves in wide-angle reflection data.
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1 INTRODUCTION
Building on the single-sided autofocusing method of Rose (2002), Broggini & Snieder (2012)
proposed a data-driven method to retrieve the Green’s function inside a layered medium from
the seismic reflection response at the surface. This method, which is based on the Marchenko
equation, has been extended for laterally varying media and used for imaging the subsurface
without artefacts related to internal multiple reflections (Wapenaar et al. 2014; Ravasi et al.
2016; Staring et al. 2018). Current Marchenko methods only handle propagating waves, which
for most practical applications is acceptable. However, in reflection experiments with large
horizontal offsets, which may include refracted arrivals, evanescent waves play a significant
role. This paper discusses a first step towards extending the Marchenko method for evanescent
waves and analyses its possibilities and limitations.
2 PROPAGATION INVARIANTS
We review propagation invariants for a horizontally layered lossless acoustic medium, which
will be used for the derivation of representations for the Marchenko method in the next section.
The propagation velocity c(z) and mass density ρ(z) are piecewise continuous functions of the
depth coordinate z. In this medium, we consider a 2D space- and time-dependent acoustic
wave field, characterized by p(x, z, t) and vz(x, z, t), where p is the acoustic pressure, vz the
vertical component of the particle velocity, x the horizontal coordinate and t the time. We
define the temporal and spatial Fourier transform of p(x, z, t) as
p˜(sx, z, ω) =
∫ ∞
−∞
∫ ∞
−∞
p(x, z, t) exp{iω(t− sxx)}dtdx, (1)
where i is the imaginary unit, ω the angular frequency and sx the horizontal slowness. A
similar definition holds for v˜z(sx, z, ω). Throughout this paper ω is taken positive or zero. We
define the inverse temporal Fourier transform as
p(sx, z, τ) =
1
pi
<
∫ ∞
0
p˜(sx, z, ω) exp{−iωτ}dω, (2)
where < denotes the real part and τ is the so-called intercept time (Stoffa 1989). Everything
that follows also holds for 3D cylindrically symmetric wave fields when the spatial Fourier
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transform is replaced by a Hankel transform and the horizontal slowness sx by the radial
slowness sr.
We consider two independent acoustic states, indicated by subscripts A and B. The fol-
lowing combinations of wave fields in states A and B,
p˜Av˜z,B − v˜z,Ap˜B (3)
and
p˜∗Av˜z,B + v˜
∗
z,Ap˜B (4)
(with the asterisk denoting complex conjugation), are propagation invariants. Hence, for fixed
sx and ω these quantities are independent of the depth coordinate z in any source-free region
(Kennett et al. 1978). A special case is obtained when we take states A and B identical:
dropping the subscripts A and B in equation (4) and multiplying by a factor 14 , this yields
the power-flux density in the z-direction, i.e.,
j =
1
4
{p˜∗v˜z + v˜∗z p˜}. (5)
Next, we introduce pressure-normalized downgoing and upgoing fields p˜+ and p˜−, respectively,
and relate these to the total fields p˜ and v˜z, via
p˜ = p˜+ + p˜−, (6)
v˜z =
sz
ρ
(p˜+ − p˜−). (7)
Here sz(z) is the vertical slowness. For propagating waves it is positive real-valued, according
to
sz = +
√
1/c2 − s2x, for s2x ≤ 1/c2(z), (8)
whereas for evanescent waves it is positive imaginary-valued, i.e.,
sz = +i
√
s2x − 1/c2, for s2x > 1/c2(z). (9)
For evanescent waves, p˜+ and p˜− are downward and upward decaying (i.e., decaying in the
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+z and −z direction), respectively. Substitution of equations (6) and (7) into equations (3)
and (4) yields two additional propagations invariants (Ursin 1983; Wapenaar et al. 1989)
−2sz
ρ
(
p˜+Ap˜
−
B − p˜−Ap˜+B
)
(10)
and
2<(sz)
ρ
(
(p˜+A)
∗p˜+B − (p˜−A)∗p˜−B
)− 2i=(sz)
ρ
(
(p˜+A)
∗p˜−B − (p˜−A)∗p˜+B
)
, (11)
respectively, where = denotes the imaginary part. The second propagation invariant consists
of two terms, of which only the first term is non-zero for propagating waves, whereas for
evanescent waves only the second term is non-zero. This second term was neglected in previous
derivations of the Marchenko method. Finally, for the special case that states A and B are
identical we obtain
j =
<(sz)
2ρ
(|p˜+|2 − |p˜−|2)+ =(sz)
ρ
=((p˜+)∗p˜−). (12)
The first term quantifies the power-flux density of propagating waves and the second term
that of tunneling evanescent waves in high velocity layers.
3 REPRESENTATIONS FOR THE MARCHENKO METHOD
We use the propagation invariants of equations (10) and (11) to derive representations for the
Marchenko method, analogous to Slob et al. (2014) and Wapenaar et al. (2014), extended for
evanescent waves. We consider a layered source-free lossless medium z ≥ z0. For state B we
consider a Green’s function G˜ = G˜++ G˜−, with its source just above z0. For this situation the
wave fields p˜+B and p˜
−
B at z0 (just below the source) and at zF (an arbitrarily chosen focal depth
inside the medium) are given in Table 1. Note that R˜∪(sx, z0, ω) denotes the reflection response
“from above” of the layered medium. For state A we introduce a focusing function f˜1 = f˜
+
1 +f˜
−
1
in a truncated medium, which is identical to the actual medium above the focal depth zF and
homogeneous below it. The downgoing focusing function f˜+1 (sx, z, zF , ω) is defined such that,
when emitted from z = z0 into the medium, it focuses at zF . Its propagation to the focal depth
zF is descibed by T˜
+(sx, zF , z0, ω)f˜
+
1 (sx, z0, zF , ω) = f˜
+
1 (sx, zF , zF , ω), where T˜
+(sx, zF , z0, ω)
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is the downgoing transmission response of the truncated medium and f˜+1 (sx, zF , zF , ω) is the
focused field at zF . We could define f˜
+
1 (sx, zF , zF , ω) = 1, where 1 is the Fourier transform of
a temporal delta function. However, in analogy with the downgoing Green’s function at z0,
we define f˜+1 (sx, zF , zF , ω) =
ρ(zF )
2sz(sx,zF )
, see Table 1. We thus obtain
f˜+1 (sx, z0, zF , ω) =
ρ(zF )
2sz(sx, zF )
1
T˜+(sx, zF , z0, ω)
. (13)
Hence, the downgoing focusing function f˜+1 (sx, z0, zF , ω) is defined as a scaled inverse of the
transmission response of the truncated medium. The upgoing focusing function f˜−1 (sx, z0, zF , ω)
is the reflection response of the truncated medium to f˜+1 (sx, z0, zF , ω). Since the half-space
below the truncated medium is homogeneous, we have f˜−1 (sx, zF , zF , ω) = 0.
Table 1: Quantities to derive representations (15) − (17).
p˜+A(sx, z, ω) p˜
−
A(sx, z, ω) p˜
+
B(sx, z, ω) p˜
−
B(sx, z, ω)
z = z0 f˜
+
1 (sx, z0, zF , ω) f˜
−
1 (sx, z0, zF , ω)
ρ(z0)
2sz(sx,z0)
ρ(z0)R˜∪(sx,z0,ω)
2sz(sx,z0)
z = zF
ρ(zF )
2sz(sx,zF )
0 G˜+(sx, zF , z0, ω) G˜
−(sx, zF , z0, ω)
The propagation invariants are now used to relate the quantities in Table 1 at z0 to those
at zF . From propagation invariant (10) we obtain (for propagating and evanescent waves)
G˜−(sx, zF , z0, ω) + f˜−1 (sx, z0, zF , ω) = R˜
∪(sx, z0, ω)f˜+1 (sx, z0, zF , ω), (14)
or, using the inverse Fourier transform defined in equation (2),
G−(sx, zF , z0, τ) + f−1 (sx, z0, zF , τ) =
∫ τ
−∞
R∪(sx, z0, τ − τ ′)f+1 (sx, z0, zF , τ ′)dτ ′. (15)
Next we use propagation invariant (11). First we consider propagating waves at z0 and
zF . For this situation we only use the first term of this propagation invariant. Substituting the
quantities of Table 1 and applying the inverse Fourier transform of equation (2), we obtain
G+(sx, zF , z0, τ)− f+1 (sx, z0, zF ,−τ) = −
∫ τ
−∞
R∪(sx, z0, τ − τ ′)f−1 (sx, z0, zF ,−τ ′)dτ ′. (16)
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Next, we consider propagating waves at z0 and evanescent waves at zF . Equating the first
term of propagation invariant (11) at z0 to the second term at zF , we obtain for the quantities
of Table 1 (after an inverse Fourier transform)
G−(sx, zF , z0, τ)− f+1 (sx, z0, zF ,−τ) = −
∫ τ
−∞
R∪(sx, z0, τ − τ ′)f−1 (sx, z0, zF ,−τ ′)dτ ′. (17)
Equations (15) and (16) were already known but equation (17) is new. It expresses the upward
decaying part of the Green’s function at zF in terms of the reflection response at the surface
and focusing functions. Note that two more relations can be derived for evanescent fields at
z0, but these will not be discussed here.
We discuss some aspects of equations (15) − (17). Consider the medium of Figure 1, with
zF = 480 m and z3 = 500 m. Figure 2 shows the functions in the left-hand sides of equations
(15) and (16), convolved with a seismic wavelet (central frequency 50 Hz), for sx = 0 s/m,
hence, for propagating waves at z0 and zF . The focusing functions are shown in blue and
the Green’s functions in green. The traveltime of the direct arrival of the downgoing Green’s
function in Figure 2(b) is τd. The onset of this direct arrival is indicated by τ

d = τd − ,
where  is half the duration of the wavelet. Note that τ d separates the focusing functions (at
τ < τ d) from the Green’s functions (at τ > τ

d), except for the coinciding arrivals in equation
(16) (Figure 2(b)). This separation is an essential requirement for the standard Marchenko
method. Next, consider again the medium of Figure 1, this time with zF = 420 m and z3 = 430
m. The third layer between z2 and z3 is now a thin layer. Figure 3 shows the functions in
the left-hand sides of equations (15) and (17) for sx = 1/2800 s/m, hence, for propagating
waves at z0 and evanescent waves at zF . Note that for this situation there appear to be
coinciding arrivals in both equations, hence, the aforementioned requirement for the standard
Marchenko method is not fulfilled. The mentioned arrivals will remain coincident even when
the focal depth zF is varied, since for evanescent waves the traveltime does not vary with
depth.
To resolve this issue, we derive a relation between f+1 and f
−
1 . To this end, we first
introduce focusing functions f+2 and f
−
2 (Wapenaar et al. 2014). The upgoing focusing func-
tion f˜−2 (sx, z, z0, ω) is defined such that, when emitted from z = zF into the truncated
medium, it focuses at z0. In Table 1 we replace the quantities in state B by p˜
±
B(sx, zF , ω) =
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f˜±2 (sx, zF , z0, ω), p˜
−
B(sx, z0, ω) = f˜
−
2 (sx, z0, z0, ω) =
ρ(z0)
2sz(sx,z0)
and p˜+B(sx, z0, ω) = 0. State
A remains unchanged. From propagation invariant (10) we obtain (after an inverse Fourier
transform)
f+1 (sx, z0, zF , τ) = f
−
2 (sx, zF , z0, τ). (18)
From propagation invariant (11) we obtain for propagating waves at z0 and evanescent waves
at zF
−f−1 (sx, z0, zF ,−τ) = f−2 (sx, zF , z0, τ). (19)
Combining these two equations yields
f−1 (sx, z0, zF , τ) = −f+1 (sx, z0, zF ,−τ). (20)
Using this in either equation (15) or (17) gives
G−(sx, zF , z0, τ)− f+1 (sx, z0, zF ,−τ) =
∫ τ
−∞
R∪(sx, z0, τ − τ ′)f+1 (sx, z0, zF , τ ′)dτ ′. (21)
Hence, for the situation of propagating waves at z0 and evanescent waves at zF , we have
reduced the system of equations (15) and (17) to the single equation (21). Since coincident
arrivals occur now only in one equation (illustrated by Figure 3(b)), we have achieved a
situation which can be solved with a modified Marchenko method (to be discussed in the next
section). This yields f+1 (sx, z0, zF , τ), G
−(sx, zF , z0, τ) and (via equation 20) f−1 (sx, z0, zF , τ).
We still need a representation for G+(sx, zF , z0, τ), which we derive as follows. In the
original Table 1, we replace the quantities in state A by p˜−A(sx, zF , ω) = 1, p˜
+
A(sx, zF , ω) =
R˜∩(sx, zF , ω), p˜−A(sx, z0, ω) = T˜
−(sx, z0, zF , ω) and p˜+A(sx, z0, ω) = 0. Here R˜
∩(sx, zF , ω) de-
notes the reflection response “from below” of the truncated medium and T˜−(sx, z0, zF , ω)
its upgoing transmission response. State B remains unchanged. From propagation invariant
(10) we obtain, after an inverse Fourier transform, using sz(sx, z0)ρ(zF )T
−(sx, z0, zF , τ) =
sz(sx, zF )ρ(z0)T
+(sx, zF , z0, τ) (Wapenaar 1998),
G+(sx, zF , z0, τ) =
ρ(z0)T
+(sx, zF , z0, τ)
2sz(sx, z0)
+
∫ τ
−∞
R∩(sx, zF , τ − τ ′)G−(sx, zF , z0, τ ′)dτ ′. (22)
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According to equation (13), T+(sx, zF , z0, τ) can be obtained from f
+
1 (sx, z0, zF , τ). We pro-
pose to approximate the unknown R∩(sx, zF , τ) by its first reflection, coming from the deepest
interface above zF . Since this is a reflection response for evanescent waves, its amplitude is
small and its arrival time is zero, hence it does not require an accurate model.
4 MARCHENKO METHOD FOR EVANESCENT WAVES
We use equation (21) as the basis for deriving a modified Marchenko method for the situation
of propagating waves at z0 and evanescent waves at zF . Our first aim is to suppress the Green’s
function G− from this equation, so that we are left with an equation for the focusing function
f+1 . We write this focusing function as
f+1 (sx, z0, zF , τ) = f
+
1,d(sx, z0, zF , τ) +M
+(sx, z0, zF , τ), (23)
where f+1,d is the direct arrival and M
+ the coda. The time-reversed direct arrival is coincident
with the direct arrival of G−, whereas the time-reversed coda is separated in time from G−,
see Figure 3(b) for an example. We define a window function w(τ) = θ(τ d − τ), where θ(τ) is
the Heaviside step function. Applying this window to both sides of equation (21) gives
M+(sx, z0, zF ,−τ) = −w(τ)
∫ τ
−∞
R∪(sx, z0, τ − τ ′)f+1 (sx, z0, zF , τ ′)dτ ′. (24)
This equation, with M+ replaced by f+1 − f+1,d, can be solved with the following iterative
scheme
f+1,k+1(sx, z0, zF ,−τ) = f+1,d(sx, z0, zF ,−τ)− w(τ)
∫ τ
−∞
R∪(sx, z0, τ − τ ′)f+1,k(sx, z0, zF , τ ′)dτ ′.(25)
The scheme starts with f+1,1 = f
+
1,d, where f
+
1,d is obtained by inverting the direct arrival of the
transmission response of the truncated medium, analogous to equation (13). Because of the
evanescent behaviour of the transmission response, the amplitude of f+1,d grows rapidly with
increasing zF , hence, f
+
1,d is stable only for a finite depth interval in the layer where waves are
evanescent.
Hence, when the reflection response R∪ and the direct arrival of the focusing function,
f+1,d, are known, the iterative scheme of equation (25) yields f
+
1 . Subsequently, equations (21)
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and (22) yield G−(sx, zF , z0, τ) and G+(sx, zF , z0, τ). In these retrieved Green’s functions, zF
indicates the position of a virtual receiver which observes evanescent waves (or, via reciprocity,
a virtual source which emits evanescent waves).
We illustrate this for the medium of Figure 1, again with zF = 420 m and z3 = 430
m. Figure 4(a) shows the reflection response R∪(sx, z0, τ) for sx = 1/2800 s/m. The direct
focusing function f+1,d(sx, z0, zF , τ), shown in Figure 4(b), has been derived from the direct
transmission response, modeled for the moment in the exact truncated medium. After three
iterations, we obtain the results shown in Figures 4(c,d,e) (actually, for this simple medium
the method converges already after one iteration and remains stable even after 100 iterations).
The results (shown again in blue and green) overlay the directly modeled exact results (shown
in red). Note that the match is excellent (both for the primary and the multiples) despite the
simple approximation used for R∩, described below equation (22).
Numerical experiments, using erroneous velocities for modeling the direct transmission
response, reveal that the method is stable with respect to small velocity errors for estimating
f+1 , but unstable for estimating G
− (unlike the Marchenko method for propagating waves).
This means that in practical applications G− cannot be obtained and that the representation
for G+ (equation 22) should be approximated by the first term. This obviates the need for
estimating R∩(sx, zF , τ). Figure 5(a) shows G+ obtained from the first term in equation (22).
Apart from some amplitude errors, the result is still accurate. Figure 5(b) shows again G+, but
this time after modeling the direct transmission response in an erroneous truncated medium,
with velocities c¯1 = 1450, c¯2 = 2050 and c¯3 = 3030 m/s. We observe similar amplitude
errors as in Figure 5(a) and in addition some traveltime errors caused by the wrong velocities.
Nevertheless, primary and multiples are still clearly discernible and no scattering artefacts
related to wrong velocities have come up. Next we replace the thin layer by a homogeneous
half-space z > z2 (with c3 = 3000 m/s). Figure 5(c) shows the retrieved G
+ (using the same
erroneous truncated medium). Since in this situation G− is absent at zF , the first term in
equation (22) suffices to retrieve G+. This explains why the amplitudes in Figure 5(c) are
again very accurate. Finally we apply the Marchenko method for many focal depths (using
the standard method for z0 < zF ≤ z2 and the new method for evanescent waves for zF > z2).
The result is shown in Figure 6. Below the interface at z2 = 400 m we clearly observe the
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retrieved downward decaying Green’s, including multiple reflections related to the overlying
medium. For zF > 480 m the method becomes unstable and the results have been set to zero.
5 CONCLUDING REMARKS
The analysis in this paper shows that, at least in principle, the evanescent field of the Green’s
function for a virtual receiver (or via reciprocity a virtual source) inside a layered medium
can be retrieved from the reflection response at the surface and an estimate of the direct
transmission response. In theory both the downward and upward decaying components can
be retrieved. However, the retrieval of the upward decaying Green’s function is very sensitive to
errors in the direct transmission response. The downward decaying Green’s function, including
multiple reflections, can be retrieved quite accurately, provided the distance over which the
field decays is limited. Errors in the direct transmission response cause traveltime errors but
do not give rise to scattering artefacts.
The analysis is restricted to a horizontally layered medium and a single horizontal slow-
ness. Of course the proposed method can be applied for a range of horizontal slownesses (for
propagating and evanescent waves at one or more depth levels zF ). Combining this with in-
verse spatial Fourier transforms, this enables the monitoring of the space-time evolution of a
wave field through a layered medium, similar as in Brackenhoff et al. (2019), but including
refracted waves. The generalisation of the proposed method for laterally varying media is
subject of current research.
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Captions
Fig1. Horizontally layered lossless acoustic medium.
Fig 2. Functions in the left-hand sides of (a) equation (15) and (b) equation (16), for propa-
gating waves at z0 and zF .
Fig 3. Functions in the left-hand sides of (a) equation (15) and (b) equation (17), for propa-
gating waves at z0 and evanescent waves zF . In this display the focusing functions are scaled
by a factor 1/8.
Fig 4. (a,b) Input data. (c,d,e) Results of the Marchenko method for evanescent waves at
zF = 420 m.
Fig 5. Results of variations of the Marchenko method for evanescent waves at zF = 420 m
(details discussed in the text).
Fig 6. Results of the Marchenko method for all depth levels. To emphasize the multiples, a
time-dependent amplitude gain of exp{4τ} is used in this display.
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<latexit sha1_base64="5QsHUiGk+paWrg/3ZqAzGiaviAo=">AAAB+Xi cbVBNS8NAEJ3Ur1q/oh69LBbBg5SkFuxFKHjxWMF+QBPCZrttl+4mYXdTqKH/xIsHRbz6T7z5b9y2OWjrg4HHezPMzAsTzpR2nG+rsLG5tb1T3C3t7R8cH tnHJ20Vp5LQFol5LLshVpSziLY005x2E0mxCDnthOO7ud+ZUKlYHD3qaUJ9gYcRGzCCtZEC234Kqrc1x/GuMk8KJGaBXXYqzgJonbg5KUOOZmB/ef2YpI JGmnCsVM91Eu1nWGpGOJ2VvFTRBJMxHtKeoREWVPnZ4vIZujBKHw1iaSrSaKH+nsiwUGoqQtMpsB6pVW8u/uf1Uj2o+xmLklTTiCwXDVKOdIzmMaA+k5R oPjUEE8nMrYiMsMREm7BKJgR39eV10q5W3OtK9aFWbtTzOIpwBudwCS7cQAPuoQktIDCBZ3iFNyuzXqx362PZWrDymVP4A+vzB7/Vkmk=</latexit>
c1 = 1500m/s
<latexit sha1_base64="CIxU7IAW TRz0EhwHFL4QEk5l+Wk=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCC6lJV exGKLhxWcE+oAlhMp20Q2cmYWYi1FD8FTcuFHHrf7jzb5y2WWjrgQuHc+7 l3nvChFGlHefbKiwtr6yuFddLG5tb2zv27l5LxanEpIljFstOiBRhVJCmpp qRTiIJ4iEj7XB4M/HbD0QqGot7PUqIz1Ff0IhipI0U2Ac4cK/dS8fxTmHmS Q75mRoHdtmpOFPAReLmpAxyNAL7y+vFOOVEaMyQUl3XSbSfIakpZmRc8lJ FEoSHqE+6hgrEifKz6fVjeGyUHoxiaUpoOFV/T2SIKzXioenkSA/UvDcR// O6qY5qfkZFkmoi8GxRlDKoYziJAvaoJFizkSEIS2puhXiAJMLaBFYyIbjzL y+SVrXinleqdxflei2PowgOwRE4AS64AnVwCxqgCTB4BM/gFbxZT9aL9W59 zFoLVj6zD/7A+vwBsgWTbQ==</latexit>
⇢1 = 1500 kg/m
3
<latexit sha1_base64="8WbfcZV/MlI9HSfiuRWAIDsgpOI=">AAACA3i cbVDLSgMxFM3UV62vUXe6CRbBhdSZVrEboeDGZQX7gM44ZNK0DU0yQ5IRylBw46+4caGIW3/CnX9j2s5CWw9cOJxzL/feE8aMKu0431ZuaXlldS2/XtjY3 NresXf3mipKJCYNHLFItkOkCKOCNDTVjLRjSRAPGWmFw+uJ33ogUtFI3OlRTHyO+oL2KEbaSIF94MlBFLhX7oXjeKcw9SSHw/4ZH99XArvolJwp4CJxM1 IEGeqB/eV1I5xwIjRmSKmO68TaT5HUFDMyLniJIjHCQ9QnHUMF4kT56fSHMTw2Shf2ImlKaDhVf0+kiCs14qHp5EgP1Lw3Ef/zOonuVf2UijjRRODZol7 CoI7gJBDYpZJgzUaGICypuRXiAZIIaxNbwYTgzr+8SJrlklsplW/Pi7VqFkceHIIjcAJccAlq4AbUQQNg8AiewSt4s56sF+vd+pi15qxsZh/8gfX5AxZcl ds=</latexit>
⇢2 = 2000 kg/m
3
<latexit sha1_base64="+3R9w4DcjXRAu4zxnWnBFlP1OYU=">AAACA3i cbVDLSsNAFJ3UV62vqDvdDBbBhdQkFexGKLhxWcE+oIlhMp22Q2cyYWYilFBw46+4caGIW3/CnX/jtM1CqwcuHM65l3vviRJGlXacL6uwtLyyulZcL21sb m3v2Lt7LSVSiUkTCyZkJ0KKMBqTpqaakU4iCeIRI+1odDX12/dEKiriWz1OSMDRIKZ9ipE2Umgf+HIoQu/ScxzHP4WZLzkcDc745K4a2mWn4swA/xI3J2 WQoxHan35P4JSTWGOGlOq6TqKDDElNMSOTkp8qkiA8QgPSNTRGnKggm/0wgcdG6cG+kKZiDWfqz4kMcaXGPDKdHOmhWvSm4n9eN9X9WpDROEk1ifF8UT9 lUAs4DQT2qCRYs7EhCEtqboV4iCTC2sRWMiG4iy//JS2v4lYr3s15uV7L4yiCQ3AEToALLkAdXIMGaAIMHsATeAGv1qP1bL1Z7/PWgpXP7INfsD6+ARGhl dg=</latexit>
⇢4 = 2000 kg/m
3
<latexit sha1_base64="b625caT+6urQ7dJa9ou55hKS3j0=">AAACA3i cbVDLSgMxFM3UV62vUXe6CRbBhdRMW7AboeDGZQX7gM44ZNK0DU1mhiQjlKHgxl9x40IRt/6EO//GtJ2Fth64cDjnXu69J4g5Uxqhbyu3srq2vpHfLGxt7 +zu2fsHLRUlktAmiXgkOwFWlLOQNjXTnHZiSbEIOG0Ho+up336gUrEovNPjmHoCD0LWZwRrI/n2kSuHkV+9KiOE3HOYulLA0eBCTO4rvl1EJTQDXCZORo ogQ8O3v9xeRBJBQ004VqrroFh7KZaaEU4nBTdRNMZkhAe0a2iIBVVeOvthAk+N0oP9SJoKNZypvydSLJQai8B0CqyHatGbiv953UT3a17KwjjRNCTzRf2 EQx3BaSCwxyQlmo8NwUQycyskQywx0Sa2ggnBWXx5mbTKJadSKt9Wi/VaFkceHIMTcAYccAnq4AY0QBMQ8AiewSt4s56sF+vd+pi35qxs5hD8gfX5AxTRl do=</latexit>
⇢3 = 3000 kg/m
3
<latexit sha1_base64="gIlJ5lak28tcnEriwZ2ocX8WWAA=">AAACA3i cbVDLSsNAFJ3UV62vqDvdDBbBhdSkEexGKLhxWcE+oIlhMp22Q2cyYWYilFBw46+4caGIW3/CnX/jtM1CqwcuHM65l3vviRJGlXacL6uwtLyyulZcL21sb m3v2Lt7LSVSiUkTCyZkJ0KKMBqTpqaakU4iCeIRI+1odDX12/dEKiriWz1OSMDRIKZ9ipE2Umgf+HIoQu/ScxzHP4WZLzkcDc745M4L7bJTcWaAf4mbkz LI0QjtT78ncMpJrDFDSnVdJ9FBhqSmmJFJyU8VSRAeoQHpGhojTlSQzX6YwGOj9GBfSFOxhjP150SGuFJjHplOjvRQLXpT8T+vm+p+LchonKSaxHi+qJ8 yqAWcBgJ7VBKs2dgQhCU1t0I8RBJhbWIrmRDcxZf/kla14nqV6s15uV7L4yiCQ3AEToALLkAdXIMGaAIMHsATeAGv1qP1bL1Z7/PWgpXP7INfsD6+ARTPl do=</latexit>
c2 = 2000m/s
<latexit sha1_base64="gUhY3YlI 2hOCzE8UpfXAfvCaJB8=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCC6lJF OxGKLhxWcE+oAlhMp20Q2cmYWYi1FD8FTcuFHHrf7jzb5y2WWj1wIXDOfd y7z1RyqjSjvNllZaWV1bXyuuVjc2t7R17d6+tkkxi0sIJS2Q3QoowKkhLU8 1IN5UE8YiRTjS6nvqdeyIVTcSdHqck4GggaEwx0kYK7QMcelee4zj+Kcx9y SE/U5PQrjo1Zwb4l7gFqYICzdD+9PsJzjgRGjOkVM91Uh3kSGqKGZlU/Ey RFOERGpCeoQJxooJ8dv0EHhulD+NEmhIaztSfEzniSo15ZDo50kO16E3F/7 xepuN6kFORZpoIPF8UZwzqBE6jgH0qCdZsbAjCkppbIR4iibA2gVVMCO7iy 39J26u55zXv9qLaqBdxlMEhOAInwAWXoAFuQBO0AAYP4Am8gFfr0Xq23qz3 eWvJKmb2wS9YH9+tU5Nq</latexit>
c4 = 2000m/s
<latexit sha1_base64="cMF/SQf/ AgUAPDiz9fcKn/8ZsUQ=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCC6lJL diNUHDjsoJ9QBPCZDpph85MwsxEqKH4K25cKOLW/3Dn3zhts9DWAxcO59z LvfeECaNKO863VVhZXVvfKG6WtrZ3dvfs/YO2ilOJSQvHLJbdECnCqCAtTT Uj3UQSxENGOuHoZup3HohUNBb3epwQn6OBoBHFSBspsI9wULuuOo7jncPMk xzyCzUJ7LJTcWaAy8TNSRnkaAb2l9ePccqJ0JghpXquk2g/Q1JTzMik5KW KJAiP0ID0DBWIE+Vns+sn8NQofRjF0pTQcKb+nsgQV2rMQ9PJkR6qRW8q/u f1Uh3V/YyKJNVE4PmiKGVQx3AaBexTSbBmY0MQltTcCvEQSYS1CaxkQnAXX 14m7WrFvaxU72rlRj2PowiOwQk4Ay64Ag1wC5qgBTB4BM/gFbxZT9aL9W59 zFsLVj5zCP7A+vwBsH2TbA==</latexit>
c3 = 3000m/s
<latexit sha1_base64="tgcRJ/XQ JBfTDgZ22GiwBbYhQ4Y=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCC6lJK 9iNUHDjsoJ9QBPCZDpph85MwsxEqKH4K25cKOLW/3Dn3zhts9DWAxcO59z LvfeECaNKO863VVhZXVvfKG6WtrZ3dvfs/YO2ilOJSQvHLJbdECnCqCAtTT Uj3UQSxENGOuHoZup3HohUNBb3epwQn6OBoBHFSBspsI9wULuuOY7jncPMk xzyCzUJ7LJTcWaAy8TNSRnkaAb2l9ePccqJ0JghpXquk2g/Q1JTzMik5KW KJAiP0ID0DBWIE+Vns+sn8NQofRjF0pTQcKb+nsgQV2rMQ9PJkR6qRW8q/u f1Uh3V/YyKJNVE4PmiKGVQx3AaBexTSbBmY0MQltTcCvEQSYS1CaxkQnAXX 14m7WrFrVWqd5flRj2PowiOwQk4Ay64Ag1wC5qgBTB4BM/gFbxZT9aL9W59 zFsLVj5zCP7A+vwBsHuTbA==</latexit>
z3(variable)
<latexit sha1_base64="tDwQTU/ciqbf+3ezmzjwTzOavaA=">AAAB/Xi cbVDLSgMxFL3js9bX+Ni5CRahbspMK9hlwY3LCvYB7TBk0rQNzWSGJFNoh+KvuHGhiFv/w51/Y9rOQlsPBA7n3MO9OUHMmdKO821tbG5t7+zm9vL7B4dHx /bJaVNFiSS0QSIeyXaAFeVM0IZmmtN2LCkOA05bwehu7rfGVCoWiUc9iakX4oFgfUawNpJvn0/9Ckq7MkTFMZYMm9z1zLcLTslZAK0TNyMFyFD37a9uLy JJSIUmHCvVcZ1YeymWmhFOZ/luomiMyQgPaMdQgUOqvHRx/QxdGaWH+pE0T2i0UH8nUhwqNQkDMxliPVSr3lz8z+skul/1UibiRFNBlov6CUc6QvMqUI9 JSjSfGIKJZOZWRIZYYqJNYXlTgrv65XXSLJfcSqn8cFOoVbM6cnABl1AEF26hBvdQhwYQmMIzvMKb9WS9WO/Wx3J0w8oyZ/AH1ucPZPmUgw==</latexit >
zF (variable)
<latexit sha1_base64="Zzl1NT3ts/73z06nA2L5MD1DaXQ=">AAAB/Xi cbVDLSgMxFL3js9bX+Ni5CRahbspMFeyyIIjLCvYB7TBk0rQNzWSGJFNoh+KvuHGhiFv/w51/Y9rOQlsPBA7n3MO9OUHMmdKO822trW9sbm3ndvK7e/sHh /bRcUNFiSS0TiIeyVaAFeVM0LpmmtNWLCkOA06bwfB25jdHVCoWiUc9jqkX4r5gPUawNpJvn078O5R2ZIiKIywZNrnLqW8XnJIzB1olbkYKkKHm21+dbk SSkApNOFaq7Tqx9lIsNSOcTvOdRNEYkyHu07ahAodUeen8+im6MEoX9SJpntBorv5OpDhUahwGZjLEeqCWvZn4n9dOdK/ipUzEiaaCLBb1Eo50hGZVoC6 TlGg+NgQTycytiAywxESbwvKmBHf5y6ukUS65V6Xyw3WhWsnqyMEZnEMRXLiBKtxDDepAYALP8Apv1pP1Yr1bH4vRNSvLnMAfWJ8/gwiUlg==</latexit >
Figure 1. Horizontally layered lossless acoustic medium.
14 Wapenaar
-0.3 -0.2 -0.1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
-1
-0.8
-0.6
-0.4
-0.2
0
0.2
0.4
0.6
0.8
1
-0.2                     0                     0.2                    0.4                   0.6       
a)
⌧ (s)
<latexit sha1_base64="EsPCPhdZdSLrs7jd4MLNcXOX2HA=">AAAB+HicbVDLSsNAFJ3U V62PRl26GSxCBSlJFeyy4MZlBfuAJpTJdNIOnZmEeQg19EvcuFDErZ/izr9x2mahrQcuHM65l3vviVJGlfa8b6ewsbm1vVPcLe3tHxyW3aPjjkqMxKSNE5bIXoQUYVSQtqaakV4qCeIRI91o cjv3u49EKpqIBz1NScjRSNCYYqStNHDLgUYmuKxmgeRQzS4GbsWreQvAdeLnpAJytAbuVzBMsOFEaMyQUn3fS3WYIakpZmRWCowiKcITNCJ9SwXiRIXZ4vAZPLfKEMaJtCU0XKi/JzLElZr yyHZypMdq1ZuL/3l9o+NGmFGRGk0EXi6KDYM6gfMU4JBKgjWbWoKwpPZWiMdIIqxtViUbgr/68jrp1Gv+Va1+f11pNvI4iuAUnIEq8MENaII70AJtgIEBz+AVvDlPzovz7nwsWwtOPnMC/sD 5/AHOy5KA</latexit>
⌧ ✏d
<latexit sha1_base64="HHbZij8KTwSY6f/5flTOtSwN3cQ=">AAAB/nicbVBNS8NAEN3U r1q/quLJy2IRPJWkCvZY8OKxgv2AJpbNZtIu3U3C7kYooeBf8eJBEa/+Dm/+GzdtDtr6YODx3gwz8/yEM6Vt+9sqra1vbG6Vtys7u3v7B9XDo66KU0mhQ2Mey75PFHAWQUczzaGfSCDC59Dz Jze533sEqVgc3etpAp4go4iFjBJtpGH1xNUkHWauFDiYPbiQKMZzvWbX7TnwKnEKUkMF2sPqlxvENBUQacqJUgPHTrSXEakZ5TCruKmChNAJGcHA0IgIUF42P3+Gz40S4DCWpiKN5+rviYw IpabCN52C6LFa9nLxP2+Q6rDpZSxKUg0RXSwKU451jPMscMAkUM2nhhAqmbkV0zGRhGqTWMWE4Cy/vEq6jbpzWW/cXdVazSKOMjpFZ+gCOegatdAtaqMOoihDz+gVvVlP1ov1bn0sWktWMXO M/sD6/AGog5Xn</latexit>
G (sx, zF , z0, ⌧)
<latexit sha1_base64="ATiiPSltVki9VH0tWx8dVDBDVPw=">AAAB/nicbVDLSgNBEOyN rxhfq+LJy2AQIsSwG0U9BgT1GME8IFmX2ckkGTL7YGZWjEvAX/HiQRGvfoc3/8ZJsgeNFjQUVd10d3kRZ1JZ1peRmZtfWFzKLudWVtfWN8zNrboMY0FojYQ8FE0PS8pZQGuKKU6bkaDY9zht eIPzsd+4o0KyMLhRw4g6Pu4FrMsIVlpyzZ3L28OCdO+LD+6FLqvYVjg+cM28VbImQH+JnZI8pKi65me7E5LYp4EiHEvZsq1IOQkWihFOR7l2LGmEyQD3aEvTAPtUOsnk/BHa10oHdUOhK1B oov6cSLAv5dD3dKePVV/OemPxP68Vq+6Zk7AgihUNyHRRN+ZIhWicBeowQYniQ00wEUzfikgfC0yUTiynQ7BnX/5L6uWSfVQqXx/nKydpHFnYhT0ogA2nUIErqEINCCTwBC/wajwaz8ab8T5 tzRjpzDb8gvHxDQZ2lDQ=</latexit>
f 1 (sx, z0, zF , ⌧)<latexit sha1_base64="LgSY5dao4+5WOe He+q+eHsd5250=">AAACAHicbVDLSgNBEJyNrxhfqx48eBkMQoQYdqOox4AgHiOYByRxmZ3M JkNmH8z0inHJxV/x4kERr36GN//GSbIHTSxoKKq66e5yI8EVWNa3kVlYXFpeya7m1tY3NrfM 7Z26CmNJWY2GIpRNlygmeMBqwEGwZiQZ8V3BGu7gcuw37plUPAxuYRixjk96Afc4JaAlx9zz HPvuuKCch+KjY+m6KraBxEeOmbdK1gR4ntgpyaMUVcf8andDGvssACqIUi3biqCTEAmcCjb KtWPFIkIHpMdamgbEZ6qTTB4Y4UOtdLEXSl0B4In6eyIhvlJD39WdPoG+mvXG4n9eKwbvopP wIIqBBXS6yIsFhhCP08BdLhkFMdSEUMn1rZj2iSQUdGY5HYI9+/I8qZdL9kmpfHOar5ylcWT RPjpABWSjc1RB16iKaoiiEXpGr+jNeDJejHfjY9qaMdKZXfQHxucPaJiU9w==</latexit>
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2b)
⌧ (s)
<latexit sha1_base64="EsPCPhdZdSLrs7jd4MLNcXOX2HA=">AAAB+HicbVDLSsNAFJ3U V62PRl26GSxCBSlJFeyy4MZlBfuAJpTJdNIOnZmEeQg19EvcuFDErZ/izr9x2mahrQcuHM65l3vviVJGlfa8b6ewsbm1vVPcLe3tHxyW3aPjjkqMxKSNE5bIXoQUYVSQtqaakV4qCeIRI91o cjv3u49EKpqIBz1NScjRSNCYYqStNHDLgUYmuKxmgeRQzS4GbsWreQvAdeLnpAJytAbuVzBMsOFEaMyQUn3fS3WYIakpZmRWCowiKcITNCJ9SwXiRIXZ4vAZPLfKEMaJtCU0XKi/JzLElZr yyHZypMdq1ZuL/3l9o+NGmFGRGk0EXi6KDYM6gfMU4JBKgjWbWoKwpPZWiMdIIqxtViUbgr/68jrp1Gv+Va1+f11pNvI4iuAUnIEq8MENaII70AJtgIEBz+AVvDlPzovz7nwsWwtOPnMC/sD 5/AHOy5KA</latexit>
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⌧ ✏d
<latexit sha1_base64="HHbZij8KTwSY6f/5flTOtSwN3cQ=">AAAB/nicbVBNS8NAEN3U r1q/quLJy2IRPJWkCvZY8OKxgv2AJpbNZtIu3U3C7kYooeBf8eJBEa/+Dm/+GzdtDtr6YODx3gwz8/yEM6Vt+9sqra1vbG6Vtys7u3v7B9XDo66KU0mhQ2Mey75PFHAWQUczzaGfSCDC59Dz Jze533sEqVgc3etpAp4go4iFjBJtpGH1xNUkHWauFDiYPbiQKMZzvWbX7TnwKnEKUkMF2sPqlxvENBUQacqJUgPHTrSXEakZ5TCruKmChNAJGcHA0IgIUF42P3+Gz40S4DCWpiKN5+rviYw IpabCN52C6LFa9nLxP2+Q6rDpZSxKUg0RXSwKU451jPMscMAkUM2nhhAqmbkV0zGRhGqTWMWE4Cy/vEq6jbpzWW/cXdVazSKOMjpFZ+gCOegatdAtaqMOoihDz+gVvVlP1ov1bn0sWktWMXO M/sD6/AGog5Xn</latexit>
 f+1 (sx, z0, zF , ⌧)
<latexit sha1_base64="ki2oMKz8vXfUQi MaZz30lrZLMA4=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEim1JqqjLgiAuK9gHtDFMppN2 6GQSZiZiDcWNv+LGhSJu/Qp3/o3TNgutHrhwOOde7r3HixiVyrK+jMzc/MLiUnY5t7K6tr5h bm41ZBgLTOo4ZKFoeUgSRjmpK6oYaUWCoMBjpOkNzsd+85YISUN+rYYRcQLU49SnGCktueZO yXftm8OCdO+K966l66JY6igUH7hm3ipbE8C/xE5JHqSoueZnpxviOCBcYYakbNtWpJwECUU xI6NcJ5YkQniAeqStKUcBkU4yeWEE97XShX4odHEFJ+rPiQQFUg4DT3cGSPXlrDcW//PasfL PnITyKFaE4+kiP2ZQhXCcB+xSQbBiQ00QFlTfCnEfCYSVTi2nQ7BnX/5LGpWyfVSuXB3nqyd pHFmwC/ZAAdjgFFTBJaiBOsDgATyBF/BqPBrPxpvxPm3NGOnMNvgF4+MbQvmVYw==</latex it>
G+(sx, zF , z0, ⌧)
<latexit sha1_base64="jk0jINv8vVjCf2xtoFomrfYaON0=">AAAB/nicbVBNS8NAEJ3U r1q/ouLJS7AIFUtJqqjHgqAeK9gPaGvYbDft0s0m7G7EGgr+FS8eFPHq7/Dmv3Hb5qDVBwOP92aYmedFjEpl219GZm5+YXEpu5xbWV1b3zA3t+oyjAUmNRyyUDQ9JAmjnNQUVYw0I0FQ4DHS 8AbnY79xR4SkIb9Rw4h0AtTj1KcYKS255s7l7WFBuvfFB/dCl11sKxQfuGbeLtkTWH+Jk5I8pKi65me7G+I4IFxhhqRsOXakOgkSimJGRrl2LEmE8AD1SEtTjgIiO8nk/JG1r5Wu5YdCF1f WRP05kaBAymHg6c4Aqb6c9cbif14rVv5ZJ6E8ihXheLrIj5mlQmuchdWlgmDFhpogLKi+1cJ9JBBWOrGcDsGZffkvqZdLzlGpfH2cr5ykcWRhF/agAA6cQgWuoAo1wJDAE7zAq/FoPBtvxvu 0NWOkM9vwC8bHNwNKlDI=</latexit>
Figure 2. Functions in the left-hand sides of (a) equation (15) and (b) equation (16), for propagating
waves at z0 and zF .
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a)
⌧ (s)
<latexit sha1_base64="EsPCPhdZdSLrs7jd4MLNcXOX2HA=">AAAB+HicbVDLSsNAFJ3U V62PRl26GSxCBSlJFeyy4MZlBfuAJpTJdNIOnZmEeQg19EvcuFDErZ/izr9x2mahrQcuHM65l3vviVJGlfa8b6ewsbm1vVPcLe3tHxyW3aPjjkqMxKSNE5bIXoQUYVSQtqaakV4qCeIRI91o cjv3u49EKpqIBz1NScjRSNCYYqStNHDLgUYmuKxmgeRQzS4GbsWreQvAdeLnpAJytAbuVzBMsOFEaMyQUn3fS3WYIakpZmRWCowiKcITNCJ9SwXiRIXZ4vAZPLfKEMaJtCU0XKi/JzLElZr yyHZypMdq1ZuL/3l9o+NGmFGRGk0EXi6KDYM6gfMU4JBKgjWbWoKwpPZWiMdIIqxtViUbgr/68jrp1Gv+Va1+f11pNvI4iuAUnIEq8MENaII70AJtgIEBz+AVvDlPzovz7nwsWwtOPnMC/sD 5/AHOy5KA</latexit>
G (sx, zF , z0, ⌧)
<latexit sha1_base64="ATiiPSltVki9VH0tWx8dVDBDVPw=">AAAB/nicbVDLSgNBEOyN rxhfq+LJy2AQIsSwG0U9BgT1GME8IFmX2ckkGTL7YGZWjEvAX/HiQRGvfoc3/8ZJsgeNFjQUVd10d3kRZ1JZ1peRmZtfWFzKLudWVtfWN8zNrboMY0FojYQ8FE0PS8pZQGuKKU6bkaDY9zht eIPzsd+4o0KyMLhRw4g6Pu4FrMsIVlpyzZ3L28OCdO+LD+6FLqvYVjg+cM28VbImQH+JnZI8pKi65me7E5LYp4EiHEvZsq1IOQkWihFOR7l2LGmEyQD3aEvTAPtUOsnk/BHa10oHdUOhK1B oov6cSLAv5dD3dKePVV/OemPxP68Vq+6Zk7AgihUNyHRRN+ZIhWicBeowQYniQ00wEUzfikgfC0yUTiynQ7BnX/5L6uWSfVQqXx/nKydpHFnYhT0ogA2nUIErqEINCCTwBC/wajwaz8ab8T5 tzRjpzDb8gvHxDQZ2lDQ=</latexit>
f 1 (sx, z0, zF , ⌧)<latexit sha1_base64="LgSY5dao4+5WOe He+q+eHsd5250=">AAACAHicbVDLSgNBEJyNrxhfqx48eBkMQoQYdqOox4AgHiOYByRxmZ3M JkNmH8z0inHJxV/x4kERr36GN//GSbIHTSxoKKq66e5yI8EVWNa3kVlYXFpeya7m1tY3NrfM 7Z26CmNJWY2GIpRNlygmeMBqwEGwZiQZ8V3BGu7gcuw37plUPAxuYRixjk96Afc4JaAlx9zz HPvuuKCch+KjY+m6KraBxEeOmbdK1gR4ntgpyaMUVcf8andDGvssACqIUi3biqCTEAmcCjb KtWPFIkIHpMdamgbEZ6qTTB4Y4UOtdLEXSl0B4In6eyIhvlJD39WdPoG+mvXG4n9eKwbvopP wIIqBBXS6yIsFhhCP08BdLhkFMdSEUMn1rZj2iSQUdGY5HYI9+/I8qZdL9kmpfHOar5ylcWT RPjpABWSjc1RB16iKaoiiEXpGr+jNeDJejHfjY9qaMdKZXfQHxucPaJiU9w==</latexit>
⌧ ✏d
<latexit sha1_base64="HHbZij8KTwSY6f/5flTOtSwN3cQ=">AAAB/nicbVBNS8NAEN3U r1q/quLJy2IRPJWkCvZY8OKxgv2AJpbNZtIu3U3C7kYooeBf8eJBEa/+Dm/+GzdtDtr6YODx3gwz8/yEM6Vt+9sqra1vbG6Vtys7u3v7B9XDo66KU0mhQ2Mey75PFHAWQUczzaGfSCDC59Dz Jze533sEqVgc3etpAp4go4iFjBJtpGH1xNUkHWauFDiYPbiQKMZzvWbX7TnwKnEKUkMF2sPqlxvENBUQacqJUgPHTrSXEakZ5TCruKmChNAJGcHA0IgIUF42P3+Gz40S4DCWpiKN5+rviYw IpabCN52C6LFa9nLxP2+Q6rDpZSxKUg0RXSwKU451jPMscMAkUM2nhhAqmbkV0zGRhGqTWMWE4Cy/vEq6jbpzWW/cXdVazSKOMjpFZ+gCOegatdAtaqMOoihDz+gVvVlP1ov1bn0sWktWMXO M/sD6/AGog5Xn</latexit>
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b)
⌧ (s)
<latexit sha1_base64="EsPCPhdZdSLrs7jd4MLNcXOX2HA=">AAAB+HicbVDLSsNAFJ3U V62PRl26GSxCBSlJFeyy4MZlBfuAJpTJdNIOnZmEeQg19EvcuFDErZ/izr9x2mahrQcuHM65l3vviVJGlfa8b6ewsbm1vVPcLe3tHxyW3aPjjkqMxKSNE5bIXoQUYVSQtqaakV4qCeIRI91o cjv3u49EKpqIBz1NScjRSNCYYqStNHDLgUYmuKxmgeRQzS4GbsWreQvAdeLnpAJytAbuVzBMsOFEaMyQUn3fS3WYIakpZmRWCowiKcITNCJ9SwXiRIXZ4vAZPLfKEMaJtCU0XKi/JzLElZr yyHZypMdq1ZuL/3l9o+NGmFGRGk0EXi6KDYM6gfMU4JBKgjWbWoKwpPZWiMdIIqxtViUbgr/68jrp1Gv+Va1+f11pNvI4iuAUnIEq8MENaII70AJtgIEBz+AVvDlPzovz7nwsWwtOPnMC/sD 5/AHOy5KA</latexit>
⌧ ✏d
<latexit sha1_base64="HHbZij8KTwSY6f/5flTOtSwN3cQ=">AAAB/nicbVBNS8NAEN3U r1q/quLJy2IRPJWkCvZY8OKxgv2AJpbNZtIu3U3C7kYooeBf8eJBEa/+Dm/+GzdtDtr6YODx3gwz8/yEM6Vt+9sqra1vbG6Vtys7u3v7B9XDo66KU0mhQ2Mey75PFHAWQUczzaGfSCDC59Dz Jze533sEqVgc3etpAp4go4iFjBJtpGH1xNUkHWauFDiYPbiQKMZzvWbX7TnwKnEKUkMF2sPqlxvENBUQacqJUgPHTrSXEakZ5TCruKmChNAJGcHA0IgIUF42P3+Gz40S4DCWpiKN5+rviYw IpabCN52C6LFa9nLxP2+Q6rDpZSxKUg0RXSwKU451jPMscMAkUM2nhhAqmbkV0zGRhGqTWMWE4Cy/vEq6jbpzWW/cXdVazSKOMjpFZ+gCOegatdAtaqMOoihDz+gVvVlP1ov1bn0sWktWMXO M/sD6/AGog5Xn</latexit>
G (sx, zF , z0, ⌧)
<latexit sha1_base64="ATiiPSltVki9VH0tWx8dVDBDVPw=">AAAB/nicbVDLSgNBEOyN rxhfq+LJy2AQIsSwG0U9BgT1GME8IFmX2ckkGTL7YGZWjEvAX/HiQRGvfoc3/8ZJsgeNFjQUVd10d3kRZ1JZ1peRmZtfWFzKLudWVtfWN8zNrboMY0FojYQ8FE0PS8pZQGuKKU6bkaDY9zht eIPzsd+4o0KyMLhRw4g6Pu4FrMsIVlpyzZ3L28OCdO+LD+6FLqvYVjg+cM28VbImQH+JnZI8pKi65me7E5LYp4EiHEvZsq1IOQkWihFOR7l2LGmEyQD3aEvTAPtUOsnk/BHa10oHdUOhK1B oov6cSLAv5dD3dKePVV/OemPxP68Vq+6Zk7AgihUNyHRRN+ZIhWicBeowQYniQ00wEUzfikgfC0yUTiynQ7BnX/5L6uWSfVQqXx/nKydpHFnYhT0ogA2nUIErqEINCCTwBC/wajwaz8ab8T5 tzRjpzDb8gvHxDQZ2lDQ=</latexit>
 f+1 (sx, z0, zF , ⌧)
<latexit sha1_base64="ki2oMKz8vXfUQi MaZz30lrZLMA4=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEim1JqqjLgiAuK9gHtDFMppN2 6GQSZiZiDcWNv+LGhSJu/Qp3/o3TNgutHrhwOOde7r3HixiVyrK+jMzc/MLiUnY5t7K6tr5h bm41ZBgLTOo4ZKFoeUgSRjmpK6oYaUWCoMBjpOkNzsd+85YISUN+rYYRcQLU49SnGCktueZO yXftm8OCdO+K966l66JY6igUH7hm3ipbE8C/xE5JHqSoueZnpxviOCBcYYakbNtWpJwECUU xI6NcJ5YkQniAeqStKUcBkU4yeWEE97XShX4odHEFJ+rPiQQFUg4DT3cGSPXlrDcW//PasfL PnITyKFaE4+kiP2ZQhXCcB+xSQbBiQ00QFlTfCnEfCYSVTi2nQ7BnX/5LGpWyfVSuXB3nqyd pHFmwC/ZAAdjgFFTBJaiBOsDgATyBF/BqPBrPxpvxPm3NGOnMNvgF4+MbQvmVYw==</latex it>
Figure 3. Functions in the left-hand sides of (a) equation (15) and (b) equation (17), for propagating
waves at z0 and evanescent waves zF . In this display the focusing functions are scaled by a factor 1/8.
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a)
⌧ (s)
<latexit sha1_base64="EsPCPhdZdSLrs7jd4MLNcXOX2HA=">AAAB+HicbVDLSsNAFJ3U V62PRl26GSxCBSlJFeyy4MZlBfuAJpTJdNIOnZmEeQg19EvcuFDErZ/izr9x2mahrQcuHM65l3vviVJGlfa8b6ewsbm1vVPcLe3tHxyW3aPjjkqMxKSNE5bIXoQUYVSQtqaakV4qCeIRI91o cjv3u49EKpqIBz1NScjRSNCYYqStNHDLgUYmuKxmgeRQzS4GbsWreQvAdeLnpAJytAbuVzBMsOFEaMyQUn3fS3WYIakpZmRWCowiKcITNCJ9SwXiRIXZ4vAZPLfKEMaJtCU0XKi/JzLElZr yyHZypMdq1ZuL/3l9o+NGmFGRGk0EXi6KDYM6gfMU4JBKgjWbWoKwpPZWiMdIIqxtViUbgr/68jrp1Gv+Va1+f11pNvI4iuAUnIEq8MENaII70AJtgIEBz+AVvDlPzovz7nwsWwtOPnMC/sD 5/AHOy5KA</latexit>
R[(sx, z0, ⌧)
<latexit sha1_base64="sS9vn416OXpb+pNpG6NgRJEqF38=">AAAB/XicbVDJSgNBEO2J W4zbuNy8NAYhQggzUdRjwIvHKGaBzDj0dHqSJj0LvYjJEPwVLx4U8ep/ePNv7CRz0MQHBY/3qqiq5yeMCmlZ30ZuaXlldS2/XtjY3NreMXf3miJWHJMGjlnM2z4ShNGINCSVjLQTTlDoM9Ly B1cTv/VAuKBxdCeHCXFD1ItoQDGSWvLMg9t7B6ukJLzH8sizyo5E6sQzi1bFmgIuEjsjRZCh7plfTjfGKiSRxAwJ0bGtRLop4pJiRsYFRwmSIDxAPdLRNEIhEW46vX4Mj7XShUHMdUUSTtX fEykKhRiGvu4MkeyLeW8i/ud1lAwu3ZRGiZIkwrNFgWJQxnASBexSTrBkQ00Q5lTfCnEfcYSlDqygQ7DnX14kzWrFPq1Ub86KtfMsjjw4BEegBGxwAWrgGtRBA2AwAs/gFbwZT8aL8W58zFp zRjazD/7A+PwBNmWUYQ==</latexit>
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b)
⌧ (s)
<latexit sha1_base64="EsPCPhdZdSLrs7jd4MLNcXOX2HA=">AAAB+HicbVDLSsNAFJ3U V62PRl26GSxCBSlJFeyy4MZlBfuAJpTJdNIOnZmEeQg19EvcuFDErZ/izr9x2mahrQcuHM65l3vviVJGlfa8b6ewsbm1vVPcLe3tHxyW3aPjjkqMxKSNE5bIXoQUYVSQtqaakV4qCeIRI91o cjv3u49EKpqIBz1NScjRSNCYYqStNHDLgUYmuKxmgeRQzS4GbsWreQvAdeLnpAJytAbuVzBMsOFEaMyQUn3fS3WYIakpZmRWCowiKcITNCJ9SwXiRIXZ4vAZPLfKEMaJtCU0XKi/JzLElZr yyHZypMdq1ZuL/3l9o+NGmFGRGk0EXi6KDYM6gfMU4JBKgjWbWoKwpPZWiMdIIqxtViUbgr/68jrp1Gv+Va1+f11pNvI4iuAUnIEq8MENaII70AJtgIEBz+AVvDlPzovz7nwsWwtOPnMC/sD 5/AHOy5KA</latexit>
f+1,d(sx, z0, zF , ⌧)
<latexit sha1_base64="8eyz/SuP9tTn4RElQwS/5RR6x0E=">AAACCnicbVDLSsNAFJ3U V62vqEs3o0WoWEpSRV0WBHFZwT6giWEymbRDJw9mJmINWbvxV9y4UMStX+DOv3HaZqHVAxcO59zLvfe4MaNCGsaXVpibX1hcKi6XVlbX1jf0za22iBKOSQtHLOJdFwnCaEhakkpGujEnKHAZ 6bjD87HfuSVc0Ci8lqOY2AHqh9SnGEklOfqu76RmNbV4AL0suzmsCOeueu8Yqi6qlkTJgaOXjZoxAfxLzJyUQY6mo39aXoSTgIQSMyREzzRiaaeIS4oZyUpWIkiM8BD1SU/REAVE2OnklQz uK8WDfsRVhRJO1J8TKQqEGAWu6gyQHIhZbyz+5/US6Z/ZKQ3jRJIQTxf5CYMyguNcoEc5wZKNFEGYU3UrxAPEEZYqvZIKwZx9+S9p12vmUa1+dVxunORxFMEO2AMVYIJT0ACXoAlaAIMH8AR ewKv2qD1rb9r7tLWg5TPb4Be0j28ZzZk0</latexit>
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c)
⌧ (s)
<latexit sha1_base64="EsPCPhdZdSLrs7jd4MLNcXOX2HA=">AAAB+HicbVDLSsNAFJ3U V62PRl26GSxCBSlJFeyy4MZlBfuAJpTJdNIOnZmEeQg19EvcuFDErZ/izr9x2mahrQcuHM65l3vviVJGlfa8b6ewsbm1vVPcLe3tHxyW3aPjjkqMxKSNE5bIXoQUYVSQtqaakV4qCeIRI91o cjv3u49EKpqIBz1NScjRSNCYYqStNHDLgUYmuKxmgeRQzS4GbsWreQvAdeLnpAJytAbuVzBMsOFEaMyQUn3fS3WYIakpZmRWCowiKcITNCJ9SwXiRIXZ4vAZPLfKEMaJtCU0XKi/JzLElZr yyHZypMdq1ZuL/3l9o+NGmFGRGk0EXi6KDYM6gfMU4JBKgjWbWoKwpPZWiMdIIqxtViUbgr/68jrp1Gv+Va1+f11pNvI4iuAUnIEq8MENaII70AJtgIEBz+AVvDlPzovz7nwsWwtOPnMC/sD 5/AHOy5KA</latexit>
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f+1 (sx, z0, zF , ⌧)
<latexit sha1_base64="XxIkQZebxHujadoLz9EbjzDFMGQ=">AAACAnicbVDLSgNBEJyN rxhfq57Ey2AQIoawG0U9BgTxGME8IInL7GQ2GTL7YKZXjEvw4q948aCIV7/Cm3/jJNmDRgsaiqpuurvcSHAFlvVlZObmFxaXssu5ldW19Q1zc6uuwlhSVqOhCGXTJYoJHrAacBCsGUlGfFew hjs4H/uNWyYVD4NrGEas45NewD1OCWjJMXc8J7FHN4cF5dwV7x1L10WxDSQ+cMy8VbImwH+JnZI8SlF1zM92N6SxzwKggijVsq0IOgmRwKlgo1w7ViwidEB6rKVpQHymOsnkhRHe10oXe6H UFQCeqD8nEuIrNfRd3ekT6KtZbyz+57Vi8M46CQ+iGFhAp4u8WGAI8TgP3OWSURBDTQiVXN+KaZ9IQkGnltMh2LMv/yX1csk+KpWvjvOVkzSOLNpFe6iAbHSKKugSVVENUfSAntALejUejWf jzXiftmaMdGYb/YLx8Q0925YB</latexit>
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d)
⌧ (s)
<latexit sha1_base64="EsPCPhdZdSLrs7jd4MLNcXOX2HA=">AAAB+HicbVDLSsNAFJ3U V62PRl26GSxCBSlJFeyy4MZlBfuAJpTJdNIOnZmEeQg19EvcuFDErZ/izr9x2mahrQcuHM65l3vviVJGlfa8b6ewsbm1vVPcLe3tHxyW3aPjjkqMxKSNE5bIXoQUYVSQtqaakV4qCeIRI91o cjv3u49EKpqIBz1NScjRSNCYYqStNHDLgUYmuKxmgeRQzS4GbsWreQvAdeLnpAJytAbuVzBMsOFEaMyQUn3fS3WYIakpZmRWCowiKcITNCJ9SwXiRIXZ4vAZPLfKEMaJtCU0XKi/JzLElZr yyHZypMdq1ZuL/3l9o+NGmFGRGk0EXi6KDYM6gfMU4JBKgjWbWoKwpPZWiMdIIqxtViUbgr/68jrp1Gv+Va1+f11pNvI4iuAUnIEq8MENaII70AJtgIEBz+AVvDlPzovz7nwsWwtOPnMC/sD 5/AHOy5KA</latexit>
G+(sx, zF , z0, ⌧)
<latexit sha1_base64="jk0jINv8vVjCf2xtoFomrfYaON0=">AAAB/nicbVBNS8NAEJ3U r1q/ouLJS7AIFUtJqqjHgqAeK9gPaGvYbDft0s0m7G7EGgr+FS8eFPHq7/Dmv3Hb5qDVBwOP92aYmedFjEpl219GZm5+YXEpu5xbWV1b3zA3t+oyjAUmNRyyUDQ9JAmjnNQUVYw0I0FQ4DHS 8AbnY79xR4SkIb9Rw4h0AtTj1KcYKS255s7l7WFBuvfFB/dCl11sKxQfuGbeLtkTWH+Jk5I8pKi65me7G+I4IFxhhqRsOXakOgkSimJGRrl2LEmE8AD1SEtTjgIiO8nk/JG1r5Wu5YdCF1f WRP05kaBAymHg6c4Aqb6c9cbif14rVv5ZJ6E8ihXheLrIj5mlQmuchdWlgmDFhpogLKi+1cJ9JBBWOrGcDsGZffkvqZdLzlGpfH2cr5ykcWRhF/agAA6cQgWuoAo1wJDAE7zAq/FoPBtvxvu 0NWOkM9vwC8bHNwNKlDI=</latexit>
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e)
⌧ (s)
<latexit sha1_base64="EsPCPhdZdSLrs7jd4MLNcXOX2HA=">AAAB+HicbVDLSsNAFJ3U V62PRl26GSxCBSlJFeyy4MZlBfuAJpTJdNIOnZmEeQg19EvcuFDErZ/izr9x2mahrQcuHM65l3vviVJGlfa8b6ewsbm1vVPcLe3tHxyW3aPjjkqMxKSNE5bIXoQUYVSQtqaakV4qCeIRI91o cjv3u49EKpqIBz1NScjRSNCYYqStNHDLgUYmuKxmgeRQzS4GbsWreQvAdeLnpAJytAbuVzBMsOFEaMyQUn3fS3WYIakpZmRWCowiKcITNCJ9SwXiRIXZ4vAZPLfKEMaJtCU0XKi/JzLElZr yyHZypMdq1ZuL/3l9o+NGmFGRGk0EXi6KDYM6gfMU4JBKgjWbWoKwpPZWiMdIIqxtViUbgr/68jrp1Gv+Va1+f11pNvI4iuAUnIEq8MENaII70AJtgIEBz+AVvDlPzovz7nwsWwtOPnMC/sD 5/AHOy5KA</latexit>
G (sx, zF , z0, ⌧)
<latexit sha1_base64="ATiiPSltVki9VH0tWx8dVDBDVPw=">AAAB/nicbVDLSgNBEOyN rxhfq+LJy2AQIsSwG0U9BgT1GME8IFmX2ckkGTL7YGZWjEvAX/HiQRGvfoc3/8ZJsgeNFjQUVd10d3kRZ1JZ1peRmZtfWFzKLudWVtfWN8zNrboMY0FojYQ8FE0PS8pZQGuKKU6bkaDY9zht eIPzsd+4o0KyMLhRw4g6Pu4FrMsIVlpyzZ3L28OCdO+LD+6FLqvYVjg+cM28VbImQH+JnZI8pKi65me7E5LYp4EiHEvZsq1IOQkWihFOR7l2LGmEyQD3aEvTAPtUOsnk/BHa10oHdUOhK1B oov6cSLAv5dD3dKePVV/OemPxP68Vq+6Zk7AgihUNyHRRN+ZIhWicBeowQYniQ00wEUzfikgfC0yUTiynQ7BnX/5L6uWSfVQqXx/nKydpHFnYhT0ogA2nUIErqEINCCTwBC/wajwaz8ab8T5 tzRjpzDb8gvHxDQZ2lDQ=</latexit>
Figure 4. (a,b) Input data. (c,d,e) Results of the Marchenko method for evanescent waves at zF = 420
m.
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a)
⌧ (s)
<latexit sha1_base64="EsPCPhdZdSLrs7jd4MLNcXOX2HA=">AAAB+HicbVDLSsNAFJ3U V62PRl26GSxCBSlJFeyy4MZlBfuAJpTJdNIOnZmEeQg19EvcuFDErZ/izr9x2mahrQcuHM65l3vviVJGlfa8b6ewsbm1vVPcLe3tHxyW3aPjjkqMxKSNE5bIXoQUYVSQtqaakV4qCeIRI91o cjv3u49EKpqIBz1NScjRSNCYYqStNHDLgUYmuKxmgeRQzS4GbsWreQvAdeLnpAJytAbuVzBMsOFEaMyQUn3fS3WYIakpZmRWCowiKcITNCJ9SwXiRIXZ4vAZPLfKEMaJtCU0XKi/JzLElZr yyHZypMdq1ZuL/3l9o+NGmFGRGk0EXi6KDYM6gfMU4JBKgjWbWoKwpPZWiMdIIqxtViUbgr/68jrp1Gv+Va1+f11pNvI4iuAUnIEq8MENaII70AJtgIEBz+AVvDlPzovz7nwsWwtOPnMC/sD 5/AHOy5KA</latexit>
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⌧ (s)
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⌧ (s)
<latexit sha1_base64="EsPCPhdZdSLrs7jd4MLNcXOX2HA=">AAAB+HicbVDLSsNAFJ3U V62PRl26GSxCBSlJFeyy4MZlBfuAJpTJdNIOnZmEeQg19EvcuFDErZ/izr9x2mahrQcuHM65l3vviVJGlfa8b6ewsbm1vVPcLe3tHxyW3aPjjkqMxKSNE5bIXoQUYVSQtqaakV4qCeIRI91o cjv3u49EKpqIBz1NScjRSNCYYqStNHDLgUYmuKxmgeRQzS4GbsWreQvAdeLnpAJytAbuVzBMsOFEaMyQUn3fS3WYIakpZmRWCowiKcITNCJ9SwXiRIXZ4vAZPLfKEMaJtCU0XKi/JzLElZr yyHZypMdq1ZuL/3l9o+NGmFGRGk0EXi6KDYM6gfMU4JBKgjWbWoKwpPZWiMdIIqxtViUbgr/68jrp1Gv+Va1+f11pNvI4iuAUnIEq8MENaII70AJtgIEBz+AVvDlPzovz7nwsWwtOPnMC/sD 5/AHOy5KA</latexit>
G+(sx, zF , z0, ⌧)
<latexit sha1_base64="jk0jINv8vVjCf2xtoFomrfYaON0=">AAAB/nicbVBNS8NAEJ3U r1q/ouLJS7AIFUtJqqjHgqAeK9gPaGvYbDft0s0m7G7EGgr+FS8eFPHq7/Dmv3Hb5qDVBwOP92aYmedFjEpl219GZm5+YXEpu5xbWV1b3zA3t+oyjAUmNRyyUDQ9JAmjnNQUVYw0I0FQ4DHS 8AbnY79xR4SkIb9Rw4h0AtTj1KcYKS255s7l7WFBuvfFB/dCl11sKxQfuGbeLtkTWH+Jk5I8pKi65me7G+I4IFxhhqRsOXakOgkSimJGRrl2LEmE8AD1SEtTjgIiO8nk/JG1r5Wu5YdCF1f WRP05kaBAymHg6c4Aqb6c9cbif14rVv5ZJ6E8ihXheLrIj5mlQmuchdWlgmDFhpogLKi+1cJ9JBBWOrGcDsGZffkvqZdLzlGpfH2cr5ykcWRhF/agAA6cQgWuoAo1wJDAE7zAq/FoPBtvxvu 0NWOkM9vwC8bHNwNKlDI=</latexit>
Figure 5. Results of variations of the Marchenko method for evanescent waves at zF = 420 m (details
discussed in the text).
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<latexit sha1_base64="LS39QEW9QgaZA17ilpBXYqRhCpg=">AA AB83icbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCvZY8OKxgv2AJpTNdtMu3d2E3Y1QQv+GFw+KePXPePPfuE1z0NYHA4/3ZpiZFyacaeO6305pY3 Nre6e8W9nbPzg8qh6fdHWcKkI7JOax6odYU84k7RhmOO0nimIRctoLp3cLv/dElWaxfDSzhAYCjyWLGMHGSn7Ddf2rzFcCifmwWnPrbg60Tr yC1KBAe1j98kcxSQWVhnCs9cBzExNkWBlGOJ1X/FTTBJMpHtOBpRILqoMsv3mOLqwyQlGsbEmDcvX3RIaF1jMR2k6BzUSvegvxP2+QmqgZZ EwmqaGSLBdFKUcmRosA0IgpSgyfWYKJYvZWRCZYYWJsTBUbgrf68jrpNuredb3xcFNrNYs4ynAG53AJHtxCC+6hDR0gkMAzvMKbkzovzrvzs WwtOcXMKfyB8/kDreSQxg==</latexit>
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<latexit sha1_base64="wDOqIwdb1IoAXCScUlRCFwUjMH8=">AA AB83icbVBNSwMxEJ2tX7V+VT16CRbBg5TdtmCPBS8eK9gP6C4lm2bb0CS7JFmhLP0bXjwo4tU/481/Y9ruQVsfDDzem2FmXphwpo3rfjuFre 2d3b3ifung8Oj4pHx61tVxqgjtkJjHqh9iTTmTtGOY4bSfKIpFyGkvnN4t/N4TVZrF8tHMEhoIPJYsYgQbK/kN1/VvMl8JJObDcsWtukugTe LlpAI52sPylz+KSSqoNIRjrQeem5ggw8owwum85KeaJphM8ZgOLJVYUB1ky5vn6MoqIxTFypY0aKn+nsiw0HomQtspsJnodW8h/ucNUhM1g 4zJJDVUktWiKOXIxGgRABoxRYnhM0swUczeisgEK0yMjalkQ/DWX94k3VrVq1drD41Kq5nHUYQLuIRr8OAWWnAPbegAgQSe4RXenNR5cd6dj 1VrwclnzuEPnM8fsQKQyA==</latexit>
⌧ (s)
<latexit sha1_base64="EsPCPhdZdSLrs7jd4MLNcXOX2HA=">AA AB+HicbVDLSsNAFJ3UV62PRl26GSxCBSlJFeyy4MZlBfuAJpTJdNIOnZmEeQg19EvcuFDErZ/izr9x2mahrQcuHM65l3vviVJGlfa8b6ewsb m1vVPcLe3tHxyW3aPjjkqMxKSNE5bIXoQUYVSQtqaakV4qCeIRI91ocjv3u49EKpqIBz1NScjRSNCYYqStNHDLgUYmuKxmgeRQzS4GbsWreQ vAdeLnpAJytAbuVzBMsOFEaMyQUn3fS3WYIakpZmRWCowiKcITNCJ9SwXiRIXZ4vAZPLfKEMaJtCU0XKi/JzLElZryyHZypMdq1ZuL/3l9o +NGmFGRGk0EXi6KDYM6gfMU4JBKgjWbWoKwpPZWiMdIIqxtViUbgr/68jrp1Gv+Va1+f11pNvI4iuAUnIEq8MENaII70AJtgIEBz+AVvDlPz ovz7nwsWwtOPnMC/sD5/AHOy5KA</latexit>
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Figure 6. Results of the Marchenko method for all depth levels. To emphasize the multiples, a time-
dependent amplitude gain of exp{4τ} is used in this display.
